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CHARACTER VARIETIES AND MODULI OF QUIVER
REPRESENTATIONS
CARLOS FLORENTINO AND SEAN LAWTON
Abstract. Let G be a Lie group and Q a quiver with relations. In
this paper, we define G-valued representations of Q which directly
generalize G-valued representations of finitely generated groups.
Although as G-spaces, the G-valued quiver representations are
more general than G-valued representations of finitely generated
groups, we show by collapsing arrows that their quotient spaces
are equivalent. We then establish a general criterion for the mod-
uli of G-valued quiver representations with relations to admit a
strong deformation retraction to a compact quotient by pinching
vertices on the quiver. This provides two different generalizations
of main results in [FL09]. Lastly, we establish quiver theoretic
conditions for the moduli spaces of GL(n,C) and SL(n,C)-valued
quiver representations to embed into traditional moduli spaces of
quiver representations having constant dimension vector.
1. Introduction and Motivation
The study of moduli spaces of representations of finitely generated
groups, also known as character varieties, has received intense atten-
tion over the last 40 years. Influential articles include [HN75], [DR75],
[AB83], [Hit87], and [Gol88]. Some recent advances directly concerning
the topology of these moduli spaces include [BGPG08], [HL09],[HL08],
[FL09], [Bai08], and [DWW10].
Let Γ be a finitely presented group, and let G be a Lie group. For
our considerations, G will be a compact Lie group K or its complexi-
fication KC (a complex reductive Lie group). The group of inner au-
tomorphisms of G acts on the space of homomorphisms Hom(Γ, G).
With respect to this action we consider the GIT quotient XΓ(KC) =
Hom(Γ, KC)/KC and the orbit space XΓ(K) = Hom(Γ, K)/K. In ei-
ther case, these moduli spaces are referred to as character varieties and,
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2 C. FLORENTINO AND S. LAWTON
loosely speaking, parametrize flat principal bundles over a topological
space M where Γ = pi1(M).
The topology of moduli spaces of quiver representations has also
been recently considered (see [Hau10, HLRV10]). For additional work
concerning moduli spaces of quiver representations see [Rei09, Rei08,
LB01, Kin94, Cra, CBS06]. A quiver Q is a finite directed graph. To
obtain a (additive) quiver representation associate to each vertex a
finite dimensional vector space and to each arrow a linear transforma-
tion. Denote the vertex set of Q by QV , and let d = (dv|v ∈ QV ) ∈ NQV
be a fixed dimension vector. Denote the set of arrows by QA and each
arrow a by v → w where v, w ∈ QV (with head ha = w and tail ta = v).
For each such dimension vector fix C-vector spaces Wv of dimension dv
for all v ∈ QV . Consider the affine C-space
Rd(Q) =
⊕
v→w∈QA
HomC(Wv,Ww).
The reductive linear algebraic group
Gd =
∏
v∈QV
GL(Wv)
acts on Rd(Q) via:
(..., gv, ...) · (..., Tv→w, ...) = (..., gwTv→wg−1v , ...).
The moduli space of quiver representations is then the GIT quotient
of Rd by Gd; namely, Md = Rd/Gd.
It is the purpose of this paper to define G-valued quiver represen-
tations (with relations), and discuss the topology of the moduli space
of these objects. The G-valued quiver representations simultaneously
generalize the moduli spaces of principal G-bundles (character vari-
eties) and relate to the additive quiver representations just discussed.
Indeed, they can be viewed as the equidimensional case of a multiplica-
tive theory of quiver representations.
Define G-valued representations of Q, denoted by Fun(QA, G), to
be the collection of set mappings QA → G, and define GG(Q) to be
the set mappings QV → G. Then GG(Q) acts on Fun(QA, G) by g ·
f(a) = g(ha)f(a)g(ta)
−1. The moduli space of these objects is then a
categorical quotient via this action: the GIT quotient if G is complex
reductive, or the orbit space if G is compact. Either way, the quotient
is a semi-algebraic set and so naturally is a subset of an affine space.
We consider the subspace topology from such an affine embedding (up
to homeomorphism, it is independent of the embedding).
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Our first main theorem (Theorem 3.4) shows that all moduli spaces
of G-valued quiver representations are in fact isomorphic as varieties
(although not equal as G-spaces) to character varieties. This result
relies on an operation on quivers; namely, collapsing arrows.
Our second main theorem (Theorem 4.9) implies that for any free
product of groups Γ = Γ1 ∗ · · · ∗ Γm if Hom(Γi, KC) K-equivariantly
strongly deformation retracts to Hom(Γi, K) then the K-character va-
riety of Γ is a strong deformation retract of the KC-character variety of
Γ, where KC is the complexification of a compact Lie group K. The-
orem 4.9 also implies that the moduli space of KC-representations of
any quiver, denoted byMKC , strongly deformation retracts to the cor-
responding moduli space MK (Theorem 4.13). In fact, when certain
relation types are imposed on the quiver representations the result still
holds. These results directly generalize the work in [FL09] and rely
on another operation on quivers; namely, pinching vertices. Preceding
these theorems however, we discuss some general theory of KC-spaces
and how they related to K-spaces. In particular, we establish general
criteria for such spaces to be related as cellular complexes and also
general criteria for such spaces to be homotopy equivalent.
In the last section, we establish necessary quiver theoretic conditions
for the moduli spaces of G-representations of quivers and the usual
(additive) moduli spaces of quiver representations to correspond. In
particular, let Q be a quiver with no ends (sources or sinks) with Betti
number b1(Q) = r, and suppose a complex reductive Lie group G is
a subgroup of SL(n,C) (which is always possible). Then our third
main theorem (Theorem 5.13) shows that the G-character variety of
a r-generated group is naturally a subvariety of the usual moduli of
quiver representations with fixed dimension vector n. Also, when G =
GL(n,C), we show that the analogous embedding has dense image.
Lastly, we show how some of affine toric geometry fits inside this
framework, whenG = C∗ and the action is altered by including weights.
2. Moduli of G-valued Quiver Representations
2.1. Quivers and Representations. As in archery, a quiver is a col-
lection of arrows. We make this precise with the following definition.
Definition 2.1. A quiver Q is a finite directed graph. In other words,
Q is formed by a finite set of vertices QV , and a finite set of arrows
QA between vertices. For each arrow a ∈ QA, denote by ha, ta ∈ QV
its head and tail vertices. Also let NA = #QA and NV = #QV be the
cardinality of QA and QV respectively.
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A quiver is connected if it is path-connected as a 1-complex, i.e.
if each edge corresponds to a 1-cell and each vertex a 0-cell and the
graph theoretic definition defines the gluing maps. We will mostly
consider connected quivers as the general case does not present many
new features.
Let G be a group.
Definition 2.2. A G-valued representation (or G-marking) of Q is a
set mapping f : QA → G.
TheG-valued representations form a set which is denoted by FG(Q) :=
Fun(QA, G) or just by FG when the quiver is understood.
Note that there is a canonical identification by the evaluation map:
FG(Q) ∼= GNA .
With respect to the vertices we similarly define the group GG(Q) :=
Fun(QV , G) ∼= GNV . Here, the group law is given by component-wise
multiplication: g1g2(v) = g1(v)g2(v), for all v ∈ QV , and g1, g2 ∈
GG(Q). This follows since the evaluation map ev : Fun(QV , G)→ GNV
is a group homomorphism.
The group GG, here after called the gauge group of Q, acts naturally
on the set FG. This action is defined by the following rule:
(2.1) (g · f) (a) := g(ha)f(a)g(ta)−1, g ∈ GG, f ∈ FG.
The action is well defined since:
(1) Clearly (g · f) (a) = g(ha)f(a)g(ta)−1 results in a new function
in FG.
(2) The identity in GG is I = (I, ..., I) ∈ GNV where I is the identity
in G. So (I · f) (a) = If(a)I−1 = f(a).
(3) Lastly,
((g1g2) · f) (a) := (g1g2)(ha)f(a)(g1g2)(ta)−1
= g1(ha)g2(ha)f(a)(g1(ta)g2(ta))
−1
= g1(ha)
(
g2(ha)f(a)g2(ta)
−1) g1(ta)−1
= g1 · (g2 · f) (a).
When G is an algebraic group, the set FG(Q) forms an affine alge-
braic variety which will be called the G-representation variety of Q.
In this case, the action is algebraic since in each factor it arises from
left multiplication of an algebraic group and right multiplication com-
posed with inversion in an algebraic group; all of which are given by
polynomial mappings.
In order to consider moduli of quiver representations, let us first
recall the theory of affine quotients by complex reductive groups.
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2.2. Complex affine reductive groups. An algebraic group is a
group that is an algebraic variety (zero set of a finite number of poly-
nomials) such that the group operations are all regular (polynomial)
mappings. A complex affine group is an algebraic group that is the
complex points of an affine variety. Any affine group has a faithful
linear representation (see [Dol03] for instance), thus it is a closed sub-
group of a general linear group and hence a linear Lie group. Lie groups
are smooth, and irreducible complex varieties are connected (see for in-
stance [Sha94] page 321).
Let K be a compact Lie group. Then K is a real algebraic group
which embeds in O(n,R) for some n. Since K is algebraic there is
an ideal I in the real coordinate ring R[O(n,R)] defining its points.
Let G = KC be the complex zeros of I, called the complexification of
K. Then G is a complex affine subgroup of O(n,C) with coordinate
ring C[G] = R[K] ⊗R C. Any complex affine group G which arises in
this fashion is called reductive. The “unitary trick” shows SL(n,C) is
reductive. We note that this definition, although not the most general,
coincides with more general notions of reductivity when the algebraic
group is complex linear. In particular, another equivalent definition is
that a complex linear algebraic group G is reductive if for every finite
dimensional representation of G all subrepresentations have invariant
complements. The important observation is that such groups act like
and have the algebraic structure of compact groups. See [Sch89].
For example, U(n) = {M ∈ GL(n,C) | MM t = I}, where I is
the n × n identity matrix and M t is the transpose of M . Writing
M = A+
√−1B, we have that U(n) ∼={(
A B
−B A
)
∈ GL(2n,R) | AtA+BtB = I & AtB −BtA = 0
}
,
which sits isomorphically in GL(2n,C) as{(
k 0
0 (k−1)t
)
∈ GL(2n,C) | k ∈ U(n)
}
.
Letting k be arbitrary in GL(n,C) realizes the complexification U(n)C =
GL(n,C). In this way U(n) becomes the real locus of the complex va-
riety GL(n,C). Similarly, SU(n)C = SL(n,C).
Remark 2.3. We have not assumed K is connected. Any compact Lie
group K has a finite number of connected components, all homeomor-
phic to the component containing the identity. As an algebraic variety,
C[KC] has irreducible algebraic components (with respect to the Zariski
topology). However, in this case the irreducible algebraic components
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are all disjoint homeomorphic topological components (with respect to
the usual ball topology on KC), and each arises by complexifying a
component of K (see [Bor91] page 87).
2.3. Algebraic Quotients. A theorem of Nagata [Nag64] says that
if a reductive group acts on a finitely generated algebra A, then the
subalgebra of invariants AG = {a ∈ A | g · a = a} is likewise finitely
generated. This is one answer to Hilbert’s fourteenth problem.
Definition 2.4. A categorical quotient of a variety VG with an algebraic
group G acting rationally is an object VG/G and a G-invariant mor-
phism piG : VG → VG/G such that the following commutative diagram
exists uniquely for all invariant morphisms f : VG → Z:
VG
pi //
f   
VG/G
||
Z
It is a good categorical quotient if the following additionally hold:
(i) for open subsets U ⊂ VG/G, C[U ] ∼= C[pi−1(U)]G
(ii) pi maps closed invariant sets to closed sets
(iii) pi separates closed invariant sets.
When G is reductive and VG is an affine G-variety, then
VG → Specmax(C[VG]G)
is a good categorical quotient. See [Dol03] for details.
It can be shown that the categorical quotient in the category of
affine varieties (over C and with respect to a reductive group action) is
also the categorical quotient for Hausdorff spaces or complex analytic
varieties [Lun75, Lun76]).
Any such reductive quotient has an affine lift (see [MFK94]). In
other words, there is an affine space AN for some potentially large N
where VG ⊂ AN and where the action of G extends. Then
Π : C[AN ] −→ C[VG]
and more importantly
ΠG : C[AN/G] −→ C[VG/G]
are surjective morphisms.
In the case where G is a complex reductive Lie group KC arising as
the complexification of a compact Lie group K, our main objects of
interest are
MKC := FKC/GKC and MK := FK/GK .
CHARACTER VARIETIES AND QUIVER REPRESENTATIONS 7
Here, the first quotient is the affine GIT quotient, as the action of GKC
on FKC is algebraic, whereas the second is the usual orbit space. In this
latter case, all orbits are compact, and in both cases the moduli space
is Hausdorff. Both of these two spaces are examples of the following
definition.
Definition 2.5. Let G be a topological group, and let FG(Q)/GG(Q)
denoted the orbit space corresponding to the action (2.1). Then the
identification space MG(Q) := (FG(Q)/GG(Q))/∼ is called the mod-
uli space of G-representations of Q (or G-markings on Q), where two
GG(Q)-orbits are defined to be equivalent if and only if they are mem-
bers of a chain of orbits whose closures pair-wise intersect.
Remark 2.6. Let RG(Q) := Hom(FA, G) be the set of group homomor-
phisms from a free group FA of rank NA (freely generated by arrows)
into G. The evaluation mapping identifies RG(Q) and FG(Q).
In the case of a quiver with a single vertex the gauge group GG
reduces to a single copy of G, and the action becomes conjugation on
RG(Q). Therefore, in this case, the moduli spaces of G-markings on Q
and G-character varieties of free groups are naturally isomorphic.
So with respect to (G,X)-spaces, the collection of pairs of the form
{GG(Q),Fun(QA, G)} properly contains the collection of pairs of the
form {(G,Hom(F,G))}, where F is a free group.
2.4. Quivers with relations. Let us consider paths inside a quiver
Q.
Definition 2.7. A path of length k ≥ 0 is a sequence of arrows ak · · · a1
such that the head of aj is the same vertex as the tail of aj+1 for all
j = 1, ..., k − 1. Note that we are writing a path from right to left.
This way of writing is justified by Proposition 2.9 below. A path of
length one is a single arrow. We are including the paths of length zero,
in natural bijection with the vertices in Q. We define the head and tail
of a path p = ak · · · a1 in the natural way: tp = ta1 , hp = hak .
Definition 2.8. A quiver with relations is a pair (Q,R) where Q is a
quiver and R is a finite set of relations. A relation in a quiver Q is
a (oriented) cycle in Q, that is, a path in Q with the same head and
tail. If G is an arbitrary group, a representation of (Q,R) into G is a
function f : QA → G that satisfies all relations in the following way:
for any cycle p = ak · · · a1 ∈ R, f(p) := f(ak) · · · f(a1) = I, where I is
the identity in G.
When G is an algebraic group then
FG(Q,R) ⊂ FG(Q),
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a1
a2
a3
Figure 2.1. Example Path a3a2a1
is an algebraic subset and thus is a closed subset of FG(Q) ∼= GNA .
Proposition 2.9. The gauge group action of GG(Q) on FG(Q) pre-
serves the subset FG(Q,R).
Proof. We now verify that the action makes sense for quivers with
relations. In particular, given a cycle a = akak−1 · · · a1 in Q we let
the values of the representation f ∈ FG(Q,R) of this cycle be denoted
f(aj) = Aj ∈ G. Then
k−1∏
j=0
Ak−j = I and acting on it by g ∈ GG
we obtain
k−1∏
j=0
g(h(ak−j))Ak−jg(t(ak−j))−1. But since a is a cycle, (1)
h(aj) = t(aj+1) for 1 ≤ j ≤ k − 1 and (2) t(a1) = h(ak). Therefore (1)
implies that
k−1∏
j=0
g(h(ak−j))Ak−jg(t(ak−j))−1 = g(h(ak))
k−1∏
j=0
Ak−jg(t(a1))−1 = g(h(ak))g(t(a1))−1
and (2) then implies
∏
g(h(aj)Ajg(t(aj))
−1 = I, which shows that the
GG-action preserves FG(Q,R).

In this way, one sees that representations of quivers with relations
generalize representations of finitely presented groups (see Remark
2.11). Therefore, one is led to the following definition.
Definition 2.10. Given a quiver with relations (Q,R) and a complex
affine reductive group KC with a choice of maximal compact subgroup
K, the moduli space of KC-representations of (Q,R) is defined to be the
GIT quotient MKC(Q,R) = FKC (Q,R)/GKC(Q). Likewise, we define
MK(Q,R) = FK(Q,R)/GK(Q) as the usual orbit space.
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Remark 2.11. A quiver with relations (Q,R) such that Q has only one
vertex corresponds naturally to a finitely presented group Γ. In the
same fashion as in Remark 2.6 we see that its representations in G are
in correspondence to theG-representation variety of Γ and therefore the
moduli space of G-representations of (Q,R) is, in this case, the same
as the G-character variety of Γ; namely, Hom(Γ, G)/G. Conversely, for
any finitely presented Γ there exists a 1-vertex quiver with relations so
that Hom(Γ, G)/G = FG(Q,R)/GG.
2.5. Examples. In this section we compute examples ofG-valued quiver
moduli spaces. All of the examples are elementary.
Let Q be the one-arrow quiver, then the moduli space is G/G2, and
since G2 acts transitively on G there is only one orbit and so the moduli
is a single point.
Generalizing the example of one arrow, we compute the moduli space
of representations of a quiver with a tail (see Figure 2.2).
Qa0
Figure 2.2. A quiver with a tail.
Proposition 2.12. With respect to a quiver Q, let Q˜ be a quiver with
a tail as in Figure 2.2. Then for any group G, MG(Q˜) ∼=MG(Q).
Proof. In this case the gauge group is GG(Q˜) = G × GG(Q) and the
G-quiver representations form FG(Q˜) = G×FG(Q).
Let F ∈ FG(Q) and f = (f0, F ) ∈ FG(Q˜). Also for any h ∈ GG(Q)
write g = (g0, h) ∈ GG(Q˜) = G × GG(Q). Let N = NV (Q) and label
the vertices and arrows of Q so that ta0 = v0 and ha0 = v1. Then for
any h = (h1, ..., hN) ∈ GG(Q),
(h1f0, h) · f = ((h1)f0(h1f0)−1, h · F ) = (I, h · F ).
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The elements that preserve this “normal form” are parametrized by
(h1, h1, ..., hNV ) ∈ GG(Q˜), and form a subgroup isomorphic to GG(Q).
Thus for any group G,MG(Q˜) is isomorphic to the quotient of {I}×
FG(Q) by GG(Q) which in turn is isomorphic to MG(Q). The result
follows. 
By induction the above result implies that any arbitrarily long tail
can be contracted on any quiver Q.
In particular, we have
Example 2.13. The moduli of G-representations of the long path (see
Figure 2.3) is equivalent to the moduli space of a single arrow and
thus both moduli spaces are single points. This coincides with the
G-character variety of the trivial group Hom(〈1〉, G)/G.
There are many other similar examples, such as star-shaped quivers
(the one point wedge of a union of long paths).
am
a0
a1
Figure 2.3. A long path Quiver
A second example is the long loop quiver. Let Q be the quiver in
Figure 2.4.
Example 2.14. The moduli of G-representations of the long loop (see
Figure 2.4) is equivalent to the moduli space of a single loop and thus
is a G-character variety of a rank 1 free group.
Proof. In this case, RG = Gm and GG = Gm as well. Then for any f =
(f1, ..., fm) ∈ RG we consider g = (I, f−11 , (f2f1)−1, ...., (fm−1 · · · f1)−1)
in GG. Then g · f
= (f−11 f1I, (f2f1)
−1f2f1, ..., (fm−1 · · · f1)−1fm−1(fm−2 · · · f1), Ifm(fm−1 · · · f1))
= (I, ..., I, fm · · · f1).
CHARACTER VARIETIES AND QUIVER REPRESENTATIONS 11
a0
am
a1
Figure 2.4. A long loop Quiver
Clearly every such element of this form corresponds to a quiver rep-
resentation, and the set of elements in GG that preserve this form is
the diagonal ∆ = {(g, ..., g) ∈ GG | g ∈ G} ⊂ GG. The action of ∆
on {I}m−1 ×G is conjugation in each factor (trivial in the first m− 1
components).
Thus the moduli of a long loop is the same as the moduli of a single
loop (1 vertex and 1 arrow). We conclude that MG(Q) = G/G.

As shown in [FL09], when K is simply connected, G/G and K/K
are both contractible. In particular, MK(Q) is homeomorphic to a
closed real ball; and when G = SL(n,C) we have MG(Q) = Cn−1 for
any long loop Q.
Combining these two examples we conclude that the moduli space of
any comet-shaped quiver (the one point wedge of a long loop wedged
with a union of long paths) is isomorphic to the moduli of one loop (in
this case a rank 1 free group character variety).
We will see in the next section that the examples computed in this
section are special cases of a general phenomena.
3. Character Varieties and Collapsing Arrows
The methods used in the last section to determine moduli spaces for
some example families of quivers suggests the consideration of opera-
tions on quivers. In this section quivers are not assumed connected,
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unless stated otherwise. However, we do assume that each connected
component has at least one arrow.
There are two basic operations on quivers: identifying two vertices
(called pinching) which changes the gauge group but preserves the rep-
resentation space, and removing an edge (called clipping) which changes
the representation space but preserves the gauge group. Each has an
inverse that will be called cloning and bridging, respectively. Com-
posing them (in either order) at the same arrow gives a map we call
collapsing (with inverse mapping called expanding).
We now explore the effect of these maps on the moduli spaces of G-
valued quiver representations and show they give results in the theory
of character varieties.
a−
a+
.
ta0
.
b
c
.
f+
f−
..
f0
.
d−
.
ha0
.
..
.
.
.
.
d+
Figure 3.1. A quiver neighborhood of an arrow f0.
Let Q = (QV , QA) be a connected quiver (with 2 or more arrows)
and let a0 ∈ QA be one of its arrows. Define Q′ as the quiver obtained
from Q by identifying the head and tail of a0, and then removing a0.
We will say that Q′ is obtained from Q by collapsing the arrow a0.
It is not difficult to see that the local picture of any quiver around the
particular arrow a0 will be of the form indicated in Figure 3.1. There
will be arrows connecting ta0 to itself, to ha0 , and to other vertices of
Q, and similarly for ha0 .
Let G be a group. As in Figure 3.1, a quiver representation will
be labeled as a tuple (a+, a−,b, f0, f+, f−, c,d+,d−, e) ∈ FG(Q) where
f0 is associated with a0, and any of the other letters are associated
with arrows in certain relative positions to the subquiver a0 ⊂ Q. In
particular, f+ is the tuple of labels in G associated to the arrows with
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tail ta0 and head ha0 (f− has those tails and heads reversed), b is the
tuple of arrows whose head and tail is ta0 , a+ is the tuple associated
with arrows that are not cycles and whose head is ta0 (a− is the tuple
associated to arrows that are not cycles and whose tail is ta0), c is the
tuple associated with arrows whose head and tail is ha0 , d+ is the tuple
associated with arrows that are not cycles and whose tail is ha0 (d−
is the tuple associated to arrows that are not cycles and whose head
is ha0), and e is the tuple associated with the arrows in QA − Lf0 =
{e1, ..., ene}, where Lf0 is the union of all arrows local to f0. Precisely,
Lf0 = {f0, f1, ..., fnf , a1, ..., ana , b1, ..., bnb , c1, ...cnc , d1, ..., dnd}. If there
are no arrows of some type (or combination of types) associated with
a,b, c, or d, what follows can be easily adapted.
Let us write an element of GG(Q) as g = (g0, g1, ...) ∈ GNV , where
g0 = g(ta0) and g1 = g(ha0). Note that the elements of FG(Q′) and
GG(Q′) have one less coordinate than those of FG(Q) and GG(Q); we
will write them in the form (a′+, a
′
−,b
′, f ′+, f
′
−, c
′,d′+,d
′
−, e
′) ∈ FG(Q′)
and (g′1, ...) ∈ GG(Q′).
Let MQ and MQ′ be the corresponding moduli of G-valued repre-
sentations.
Consider the map
Ca0 :MQ → MQ′
[(a+, a−,b, f0, f+, f−, c,d+,d−, e)] 7→ [(f0a+, a−f−10 , f0bf−10 , f+f−10 , f0f−, c,d+,d−, e)]
We call the above mapping the collapsing map, and note that after
performing a collapse of arrow a0, the arrows fi, ci, and bi are all one-
arrow cycles at the same vertex.
Proposition 3.1. The map Ca0 is well-defined, and defines an isomor-
phism of algebraic varieties.
Proof. We prove this for the moduli space of quiver representations
without relations in detail, and then say a few words why the result
holds true in general.
Let us first show that Ca0 is well-defined. Let
C˜a0 : FQ → FQ′
(a+, a−,b, f0, f+, f−, c,d+,d−, e) 7→ (f0a+, a−f−10 , f0bf−10 , f+f−10 , f0f−, c,d+,d−, e)
be the map on representations associated to Ca0 . To prove the latter is
well-defined, it suffices to prove the former is gauge group equivariant.
Let h0 (respectively h1) be the tuple of coordinates in g ∈ GNV
associated to the opposite end of an arrow that is not a cycle and
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whose intersection with a0 is ta0 (respectively ha0); i.e. the opposite
ends of the arrows associated to a (respectively d).
Some words on notation: when we write g·f we mean the gauge group
action on the quiver and if f is a representation of a subquiver we mean
the restricted action. When we write xv we mean the element x ∈ G
is multiplied by each component of the tuple v, vw means component-
wise multiplication of tuples, and v−1 means component-wise inversion.
Lastly, we will use [f ] to denote the orbit of a representation f .
The action of GG(Q) on FG(Q) is given by:
g · (a+, a−,b, f0, f+, f−, c,d+,d−, e) =(3.1)
(g0a+h
−1
0 ,h0a−g
−1
0 , g0bg
−1
0 , g1f0g
−1
0 , g1f+g
−1
0 , g0f−g
−1
1 , g1cg
−1
1 ,h1d+g
−1
1 , g1d−h
−1
1 ,g · e)
so
C˜a0(g · (a+, a−,b, f0, f+, f−, c,d+,d−, e))
= (g1f0g
−1
0 g0a+h
−1
0 ,h0a−g
−1
0 (g1f0g
−1
0 )
−1, g1f0g−10 g0bg
−1
0 (g1f0g
−1
0 )
−1,
g1f+g
−1
0 (g1f0g
−1
0 )
−1, g1f0g−10 g0f−g
−1
1 , g1cg
−1
1 ,h1d+g
−1
1 , g1d−h
−1
1 ,g · e)
= (g1f0a+h
−1
0 ,h0a−f
−1
0 g
−1
1 , g1f0bf
−1
0 g
−1
1 , g1f+f0g
−1
1 ,
g1f0f−g−11 , g1cg
−1
1 ,h1d+g
−1
1 , g1d−h
−1
1 ,g · e)
= (g1, ...) · (f0a+, a−f−10 , f0bf−10 , f+f−10 , f0f−, c,d+,d−, e)]
= g′ · C˜a0((a+, a−,b, f0, f+, f−, c,d+,d−, e)),
as was to be shown. This finishes the proof that Ca0 is well defined, since
equivariance implies the induced orbit space mapping is well defined
which in turn implies the induced affine GIT quotient mapping (where
relevant) is well-defined since the latter is uniquely determined by the
former.
Now, we show that Ca0 is bijective. Surjectivity is clear, since we can
just take f0 = e to obtain any class [(a+, a−,b, f+, f−, c,d+,d−, e)] ∈
MQ′ as an image point of Ca0 .
To show injectivity, we prove that the orbit space mapping is in-
jective. This will imply that the corresponding GIT quotient map-
ping is also injective since the affine GIT quotient is uniquely deter-
mined by its orbit space (it is a universal object). Note that any point
(a+, a−,b, f0, f+, f−, c,d+,d−, e) ∈ FG(Q) is in the orbit of the point
(f0a+h
−1
0 ,h0a−f
−1
0 , f0bf
−1
0 , e, f+f
−1
0 , f0f−, c,h1d+,d−h
−1
1 ,g · e)
upon acting by gf0 := (g0, g1, ...) = (f0, e, ...) ∈ GG(Q). Now, to pre-
serve this form under the same action (Equation 3.1), we need to have
g0 = g1 ∈ G.
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Now suppose that the orbits of C˜a0(ρ1) and C˜a0(ρ1) are equal for
ρ1, ρ2 ∈ FG(Q) in the “normal form” above. Then there exists g′ =
(g1, ...) ∈ GG(Q′) so that g′·C˜a0(ρ1) = C˜a0(ρ2). Let ρ1 = (a1+, a1−,b1, e, f1+, f1−, c1,d1+,d1−, e1)
and ρ2 = (a
2
+, a
2
−,b
2, e, f2+, f
2
−, c
2,d2+,d
2
−, e
2). Then
(g1a
1
+h
−1
0 ,h0a
1
−g
−1
1 , g1b
1g−11 , g1f
1
+g
−1
1 , g1f
1
−g
−1
1 , g1c
1g−11 ,h1d
1
+g
−1
1 , g1d
1
−h
−1
1 ,g · e1)
= (a2+, a
2
−,b
2, f2+, f
2
−, c
2,d2+,d
2
−, e
2)
and thus
(g1a
1
+h
−1
0 ,h0a
1
−g
−1
1 , g1b
1g−11 , e, g1f
1
+g
−1
1 , g1f
1
−g
−1
1 , g1c
1g−11 ,h1d
1
+g
−1
1 , g1d
1
−h
−1
1 ,g · e1)
= (a2+, a
2
−,b
2, e, f2+, f
2
−, c
2,d2+,d
2
−, e
2)
and so (g1, g1, ...) ·ρ1 = ρ2, precisely implying the orbit map is injective.
Since Ca0 and its set theoretic inverse are both given by polynomi-
als (multiplication and inversion in an algebraic group are so given),
this defines an isomorphism of algebraic varieties (which implies it is a
homeomorphism).
So we have shown that Ca0 determines MQ ∼= MQ′ for a quiver Q
where a0 is an arrow with different head and tail. It remains to prove
that if we add in relations, then the mapping remains an isomorphism.
When considering quivers with relations, the cycle pdf0a (read: first
go along an arrow a from the collection associated to a+, then f0,
then an arrow d associated to the d+, and lastly go along the path
p which ends where a begins) goes precisely to (p)(d)(f0a) under Ca0 .
This implies that cycle relations (with respect to their labelings) are
preserved (clearly collapsing an arrow in a cycle of the quiver Q results
in another cycle in Q′). So the mapping is well-defined between quivers
with relations as well. Since the moduli of quiver representations is a
subvariety of one without relations and the mapping above is globally
injective, the restricted mapping is injective too. Lastly, the above
argument for surjectivity still applies to the context of quivers with
relations. Thus, Ca0 is likewise an isomorphism between appropriate
moduli spaces of quiver representations with relations.

Remark 3.2. We proved above that Ca0 is an isomorphism of GIT quo-
tients when G is a reductive algebraic group. However, the above proof
shows that Ca0 is a well-defined bijection of orbit spaces for any group
G. For example, we have an isomorphism of compact quotients when
G is compact.
This proposition allows us to generalize Example 2.13 as follows.
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Proposition 3.3. Let Q be any connected quiver whose underlying
graph is a tree. Then MG(Q) is a single point.
Any moduli space of quiver representations with one vertex is a char-
acter variety. So character varieties are a subset of the moduli spaces
of G-valued quivers; as sets, topological spaces, and varieties. We now
prove a surprising converse. Namely, any moduli space of G-valued
quivers is algebraically (and consequently topologically) equivalent to
a character variety despite that fact that as (G,X)-spaces the repre-
sentation of quivers (with relations) and the representations of finitely
generated groups are not equivalent.
As mentioned earlier any quiver Q has an associated one dimensional
CW complex, and its first homology group (coefficients in Z) is a free
Abelian group of a certain rank. Let us write b1(Q) = rk (H1(Q,Z))
and call this invariant the first Betti number of Q.
Theorem 3.4 (Equivalence Theorem). Let Q be a connected quiver,
that is not contractible as a CW complex. Then any moduli space of
G-valued quivers, with or without relations, is algebraically isomorphic
to a G-character variety which embeds into Hom(Fr, G)/G where r =
b1(Q) and Fr is a free group of rank r. Otherwise, the moduli space is
a point.
Proof. By induction we can use Proposition 3.1 repeatedly until all
arrows are cycles. From a homological perspective, the 1-complex has
a 1-cell contracted and so does not change the value of r = b1(Q). So if
there are no relations, then the result follows since a connected quiver
with one vertex corresponds to a free group and the action is that of
simultaneous conjugation.
For quivers with relations, Proposition 3.1 again applies inductively
until there is only one vertex of Q. Thus quivers with relations are
mapped to representations of finitely generated groups and since each
collapsing map was an isomorphism the composition of them is as well.
The number of generators for the finitely generated group Γ is the
numbers of arrows which corresponds to r = b1(Q). ThusMG(Q,R) ∼=
Hom(Γ, G)/G ⊂ Hom(Fr, G)/G.

Corollary 3.5. Let Q be a quiver and Q˜ be the quiver Q with some of
its directions reversed. Then MG(Q) ∼=MG(Q˜).
Proof. After collapsing all non-cycle arrows to a disjoint union of wedges
of cycles and single arrows, the directions become irrelevant. 
Let ζ(G) be the center of the group G and χ(Q) = 1− b1(Q) be the
Euler characteristic of the quiver Q.
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Corollary 3.6. Let Q be a connected quiver. Then dim (MG(Q)) =
dim(ζ(G))− dim(G)χ(Q).
Proof. The dimension of the character variety of a free group of rank
r is computed as follows: dimHom(Fr, G)/G = r dimG − (dimG −
dim ζ(G)) = dim ζ(G) + (r − 1) dimG. So the result follows from
Theorem 3.4. 
Performing operations on quivers gives more flexibility in the study
of the topology of the moduli of G-valued quiver representations and is
therefore a potentially powerful tool in the general study of the moduli
of representations; i.e, character varieties. We will demonstrate this in
the next section.
4. Strong Deformation Retractions and Pinching
Vertices
In what follows and unless otherwise stated, the topology on the
moduli spaces we consider is the subspace topology induced by a poly-
nomial embedding into affine space. As stated earlier, up to home-
omorphism, this topology is independent of the choice of polynomial
embedding.
4.1. Kempf-Ness Sets and Strong Deformation Retractions. In
this section we discuss results of [KN79], [Sch89], and [Nee85] that are
relevant to our situation.
Let VG be an affine G-variety, VG/G = Specmax
(
C[VG]G
)
.
We may assume VG is equivariantly embedded as a closed subvariety
of a representation G→ GL(V ). Let 〈 , 〉 be a K-invariant Hermitian
form on V with norm denoted by || ||.
Define for any v ∈ V the mapping pv : G→ R by g 7→ ||g · v||2. It is
shown in [KN79] that any critical point of pv is a point where pv attains
its minimum value. Moreover, the orbit G · v is closed and v 6= 0 if and
only if pv attains a minimum value.
Define KN ⊂ VG ⊂ V to be the set of critical points {v ∈ VG ⊂
V | (dpv)I = 0}, where I ∈ G is the identity. This set is called the
Kempf-Ness set of VG. Since the Hermitian norm is K-invariant, for
any point in KN , its entire K-orbit is also contained in KN .
Recall a strong deformation retraction from a space X to a subspace
A is a homotopy relative to A from the identity on X to a retraction
map r : X → A. In more detail, there is a continuous family of
continuous functions {φt : X → X | t ∈ [0, 1]} such that (1) φ0 is
the identity on X, (2) for all t ∈ [0, 1] φt|A is the identity on A, and
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(3) φ1(X) ⊂ A. We note that [Hat02] simply calls this a deformation
retraction.
The following theorem is proved in [Sch89] making reference to [Nee85].
Theorem 4.1 (Schwarz-Neeman). The composition KN → VG →
VG/G is proper and induces a homeomorphism KN /K → VG/G where
VG/G has the subspace topology induced from its equivariant affine em-
bedding. Moreover, there is a K-equivariant deformation retraction of
VG to KN .
Recall that all semi-algebraic sets (this includes varieties for obvious
reasons) are cellular. Precisely, we have the following theorem which
can be found in [BCR98] on page 214.
Theorem 4.2 (Bochnak-Coste-Roy). Let S be a closed and bounded
semi-algebraic set. Then given any finite family {Si} of semi-algebraic
subsets of S, there exists a cellular decomposition of S such that each
Si is a sub-complex.
We use this to establish that WK/K is generally a cellular sub-
complex of the GIT quotient VG/G.
Theorem 4.3. Let G be a complex reductive group, and let K be a
maximal compact subgroup. Let VG be a complex affine G-variety, and
let WK ⊂ VG be its real points. Assume further that WK is K-stable and
compact. Then WK/K is canonically included in VG/G as a cellular
sub-complex.
Proof. Since WK is a the set of real points of VG there exists a set
of generators and relations for the coordinate ring of WK so that the
complex zeros of those relations equals VG. This implies
C[VG] = R[WK ]⊗ C ⊃ R[WK ]⊗ R = R[WK ].
We thus have
C[VG]G = C[VG]K ⊃ R[WK ]K ,
where the first equality follows from the “unitary trick” (see [Dol03],
or [Sch04]). Note that
R[WK ]K ⊗ C = (R[WK ]⊗ C)K = C[VG]K = C[VG]G.
Therefore there exists a generating set {p1, ..., pN} for R[WK ]K which
is also a generating set for C[VG]G. Let P = (p1, ..., pN) be the cor-
responding polynomial mapping, and note the generators of each in-
variant ring determine closed orbits. Then P (VG) = VG/G, and also
P (WK) = WK/K (see [Sch89]). This in turn implies that WK/K =
P (WK) ⊂ P (VG) = VG/G.
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By [PS85] we know WK/K is semi-algebraic. Since we have assumed
that WK and K are compact, we know WK/K is compact and thus
closed. We just showed that WK/K is canonically included in VG/G
by a polynomial mapping. Thus, WK/K may be considered as a semi-
algebraic subset of VG/G (it is semi-algebraic since it is a variety).
Therefore, Theorem 4.2 implies that WK/K is a sub-complex of VG/G,
as required.

We now are in a position to prove an important tool in analyzing
the topology of moduli spaces.
Theorem 4.4. Let G be a complex reductive group, and let K be a
maximal compact subgroup. Let VG be a complex affine G-variety, and
let WK ⊂ VG be its real points. Assume further that WK is K-stable
and compact. If WK is a subset of the Kempf-Ness set, and there exists
a K-equivariant strong deformation retraction of VG onto WK, then
VG/G strongly deformation retracts onto WK/K.
Proof. Theorem 4.1 implies VG/K deformation retracts to KN/K ∼=
VG/G. Thus VG/G is homotopy equivalent to VG/K. On the other
hand, our hypothesis implies VG/K deformation retracts onto WK/K;
again they are homotopy equivalent. Thus, VG/G is homotopy equiva-
lent to WK/K via the canonical inclusion mapping from Theorem 4.3.
In particular, this implies, since WK ⊂ KN , that the inclusion mapping
induces isomorphisms pim(VG/G) ∼= pim(WK/K) for all m ≥ 0.
However, Theorem 4.3 tells that WK/K is a sub-complex of the
cellular complex VG/G. Thus, Whitehead’s Theorem (see [Hat02], page
346) implies that VG/G strongly deformation retracts onto WK/K.

4.2. Cellular Inclusion Theorem. Let K is a compact Lie group
and G = KC. We may assume K ⊂ O(n,R) is a real affine variety, by
the Peter-Weyl theorem; and thus G ⊂ O(n,C). Our goal is to now
prove that FG(Q)/GG deformation retracts onto FK(Q)/GK ; we first
prove it is canonically embedded.
Proposition 4.5. Let Q be any quiver, and let R be a set of relations.
Then FK(Q,R)/GK is canonically included as a cellular sub-complex
of FG(Q,R)/GG.
Proof. There exists a set of generators and relations for the coordinate
ring of K so that the complex zeros of those relations equals G (see
[Sch89]). This implies FG(Q) = GNA = (KNAC ) = (KNA)C = FK(Q)C,
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which in turn implies that FG(Q,R) = FK(Q,R)C. Thus, we are in the
setting of Theorem 4.3, which provides our desired result. 
Denote the inclusion mapping ι which, as the proof shows, is defined
by sending a GK-orbit to the GG-orbit (uniquely) determined by any
representative from the GK-orbit. As it is given by polynomials, it is
clearly continuous.
Corollary 4.6. Any two K-valued quiver representations that are GG-
equivalent are also GK-equivalent.
Proof. If not the mapping ι from Proposition 4.5 would not be injective.

Remark 4.7. The above corollary generalizes the analogous statement
in [FL09] for character varieties (see Remark 2.6). In that article we
gave two proofs of the character variety version of Corollary 4.6. We
now take a moment to correct the one in the appendix. Note that the
polar decomposition is unique (else it would not give a diffeomorphism).
If two K-valued representations, ρ and φ, of finitely generated groups
are G-conjugate, then there exists a g ∈ G such that for any word w,
k := φ(w) = gρ(w)g−1 := gk1g−1. Then k = gk1g−1 = k2epk1e−pk−12
which implies
k3 := k
−1
2 kk2 = e
pk1e
−p = k1e
ad
k−11
p
e−p := k1k4ep1 .
Thus, k−14 k
−1
1 k3 = e
p1 which implies ep1 = I which implies e
ad
k−11
p
=
k4e
p which implies k4 = I and e
ad
k−11
p
= ep. Therefore, k3 = k1 which
implies k = k2k1k
−1
2 . In conclusion, G-conjugate K-representations of
finitely generated groups are K-equivalent.
4.3. Strong Deformation Retraction of Quiver Moduli. All quiv-
ers we consider in this section are connected with at least one arrow,
which implies, for instance, that each vertex is incident with at least
one arrow.
We define an equivalence relation on quivers. Two quivers are said to
be arrow-equivalent if and only if there exists a a bijection between their
sets of arrows. Clearly this is an equivalence relation since composition
of bijections is transitive, invertible, and reflexive.
We define the pinching mapping on a quiver to be the mapping that
takes two vertices and identifies them without otherwise changing the
arrow. This operation preserves the representations spaces but kills
one factor in the gauge group. The resulting quiver is arrow-equivalent
to the first.
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Lemma 4.8. Let K be a compact Lie group and let KC be its com-
plexification. Let (Q1, R1), (Q2, R2), and (Q3, R3) be arrow-equivalent
quivers with relations. We make the following three additional assump-
tions:
(a) FKC(Q1, R1) ⊂ FKC(Q2, R2),
(b) there exists a strong deformation retraction Φt that is GK(Q3)-
equivariant from FKC(Q2, R2) onto FK(Q2, R2),
(c) for all time t, Φt(FKC(Q1, R1)) ⊂ FKC(Q1, R1).
Then
(1) FKC(Q1, R1) and FKC(Q2, R2) are GKC(Q3)-stable,
(2) Φt(FK(Q1, R1)) = FK(Q1, R1) for all t ∈ [0, 1],
(3) Φt|FKC (Q1,R1) is a GK(Q3)-equivariant strong deformation retrac-
tion onto FK(Q1, R1).
Proof. Item (1): This result is simply a technical observation highlight-
ing that the hypotheses of the theorem are sensible. For any group,
whenever Q1 and Q2 are arrow equivalent, FG(Q1) = FG(Q2). Conse-
quently GG(Qi) acts on FG(Qj) for any choices of i, j ∈ {1, 2, 3}. Since
the gauge groups generally preserve relations, the result follows.
Item (2): FK(Q1, R1) are the representations that satisfy the rela-
tions R1 and have values in K. Since FKC(Q1, R1) ⊂ FKC(Q2, R2)
we conclude that FK(Q1, R1) ⊂ FK(Q2, R2). However, Φt = id on
FK(Q2, R2), and therefore, Φt(FK(Q1, R1)) = FK(Q1, R1).
Item (3): GK(Q3)-equivariance and continuity follows since the map
is equivariant and continuous on all of FKC(Q2, R2). Since Φ0 is the
identity on FKC(Q2, R2), it is the identity on the subset FKC(Q1, R1).
The hypothesis Φt(FKC(Q1, R1)) ⊂ FKC(Q1, R1) implies we have a con-
tinuous family of self mappings for all t that starts at the identity,
and is GK(Q3)-equivariant. Item 2. shows that Φt is the identity on
FK(Q1, R1). Lastly, note that Φ1(FKC(Q2, R2)) ⊂ FK(Q2, R2) by as-
sumption. Thus,
Φ1(FKC(Q1, R1)) ⊂ Φ1(FKC(Q2, R2)) ⊂ FK(Q2, R2)
and so Φ1(FKC(Q1, R1)) ⊂ FK(Q1, R1) since satisfying the relations R1
and having values in K definitely implies membership in FK(Q1, R1).

Theorem 4.9. Let (Q1,R1), ..., (Qn,Rn) be a collection of quivers with
relations. Define R = R1 ∪ · · · ∪ Rn, and Q to be the image of some
finite collection of pinching maps applied to Q1∪ · · · ∪Qn. Suppose for
each index 1 ≤ i ≤ n, FG(Qi,Ri) GK(Qi)-equivariantly strong defor-
mation retracts to FK(Qi,Ri). Then MG(Q,R) strong deformation
retracts onto MK(Q,R).
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Proof. In the hypotheses of Theorem 4.9, let (Q2, R2) be (Q1 ∪ · · · ∪
Qn,R), let (Q1, R1) be (Q,R), and let Q3 = Q1 (note that R3 never
served a purpose so we can suppose R3 = ∅). Clearly, Q1, Q2, Q3 are
arrow equivalent.
FKC(Q1, R1) ⊂ FKC(Q2, R2) since they are equal in this case since
pinching does not change the set of cycles in the relations sets.
There exists a strong deformation retraction Φt that is GK(Q2)-
equivariant from FKC(Q2, R2) onto FK(Q2, R2) by the hypothesis of our
theorem. However, the pinching operation gives GK(Q3) = GK(Q1) ⊂
GK(Q2) is a subgroup (diagonally embed K ↪→ K×K at identified ver-
tices), and thus the strong deformation retraction is likewise GK(Q3)-
equivariant.
Lastly, for all time t, Φt(FKC(Q1, R1)) ⊂ FKC(Q1, R1) since FKC(Q1, R1) =
FKC(Q2, R2) and the stability on the latter is assumed.
We have just proved that Theorem 4.9 implies FG(Q,R) GK(Q)-
equivariantly strong deformation retracts to FG(Q,R).
Thus Theorem 4.4 implies the theorem since Proposition 4.5 im-
plies MK(Q,R) is canonically included as a cellular sub-complex of
MG(Q,R), and it is in the Kempf-Ness set by Proposition A.1.

Corollary 4.10. Let Γ1,...,Γm be finitely generated groups and let
Γ1 ∗ · · · ∗ Γm be their free product. Let K be a compact Lie group, and
KC be its complexification. If Hom(Γi, KC) K-equivariantly strong de-
formation retracts to Hom(Γi, K) for all 1 ≤ i ≤ m, then Hom(Γ1∗· · ·∗
Γm, KC)/KC strongly deformation retracts to Hom(Γ1∗· · ·∗Γm, K)/K.
Proof. For 1 ≤ m ≤ m, let (Qi,Ri) be one-vertex quivers each of whose
relations corresponds to the finitely generated groups Γ1, ...,Γm. Then
identifying (by pinching) the m-vertices in Q1 ∪ · · · ∪ Qm together to
obtain Q we find ourselves in the context of Theorem 4.9. So the result
follows. 
Remark 4.11. This is a very special case of the Theorem 4.9. However,
notice that this immediately implies Theorem 4.3 in [FL09] since the
case of “one-loop” quivers (1 vertex and 1 arrow) give a single copy of
G with G-action being conjugation.
Remark 4.12. One can directly prove the above corollary by observing
Hom(Γ1∗· · ·∗Γm, G) ∼= Hom(Γ1, G)×· · ·×Hom(Γm, G), and indeed, we
originally did. However, generalizing this result we came to Theorem
4.9.
Corollary 4.13 (Strong Deformation Retraction Theorem). There is
a strong deformation retraction of FG(Q)/GG onto FK(Q)/GK.
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Proof. We again use Theorem 4.9. Let NA be the number of arrows
in Q, and let Qi be NA 1-arrow quivers with no relations. Then Q is
obtained from {Qi} by a finite sequence of pinching maps. To com-
plete the proof we need only show that each 1-arrow quiver G-valued
representation space GK(Q)-equivariantly strong deformation retracts
to the corresponding K-valued space.
Consider the polar decomposition for the complex reductive Lie group
G with maximal compact K. The multiplication map
m : K × exp p→ G
defines a diffeomorphism (see [Kna02], page 384), where g = k ⊕ p is
a Cartan decomposition of the Lie algebra of G, with k being the Lie
algebra of K.
As we stated in [FL09], the inverse to m can be defined explicitly by
m−1 : G → K × exp p
g 7→
(
g(g∗g)−
1
2 , (g∗g)
1
2
)
,(4.1)
where g∗ denotes the Cartan involution on G applied to g (which, in
the case of SL(n,C) and SU(n), is the usual conjugate transpose map).
The formula above follows from the fact that, if we write g = kep, for
k ∈ K and p ∈ p, then g∗ = ep∗k∗ = epk∗, which implies g∗g = e2p
(since the Cartan involution fixes any element of p).
The family of maps,
φt : G → G
g = kep 7→ g(g∗g)− t2 = ge−tp = ke(1−t)p,(4.2)
for t ∈ [0, 1] ⊂ R, provides a strong deformation retraction from G to
K. Moreover, for any t ∈ [0, 1], φt is K-equivariant,
φt(k · g) = k · φt(g),
with respect to the conjugation action of K on G:
k · g := kgk−1, for k ∈ K, g ∈ G.
We now return to the moduli space FG(Q)/GG of G-representations
of a fixed quiver Q. We can naturally define Φt : FG(Q) → FG(Q) as
the map φt component-wise for all arrows a ∈ QA, that is:
(Φt (f)) (a) := φt(f(a)), f ∈ FG(Q).
In general, if r1, ..., rm are strong deformation retractions of spaces
T1, ..., Tm onto subspaces S1, ..., Sm, then
(r1, ..., rm) : T1 × · · · × Tm → T1 × · · · × Tm
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is a strong deformation retraction onto S1 × · · · × Sm with respect to
the product topology. Thus since Φt : FG(Q) → FG(Q) is equivalent
to φNAt : G
NA → GNA , we conclude Φt is a strong deformation retract.
Note that the affine embedding topology of FG(Q) corresponds to the
the product topology on GNA where G is given the affine embedding
topology.
To prove GK-equivariance we first note that for any real number
t ≥ 0, we have (
hetph−1
)
=
(
heph−1
)t
for all h ∈ K and p ∈ p. The formula certainly works for rational
t (one can see this directly by writing down the Taylor series), and
the general case follows by continuity. Using this, we compute at each
arrow a ∈ QA, the action under γ ∈ GK . We use the notation γha
instead of γ(ha) to make this computation more readable.
(Φt(γ · f)) (a) = φt(γhaf(a)γ−1ta )
= γhaf(a)γ
−1
ta
(
(γhaf(a)γ
−1
ta )
∗γhaf(a)γ
−1
ta
)− t
2
= γhaf(a)γ
−1
ta
(
γtaf(a)
∗f(a)γ−1ta
)− t
2
= γhaf(a)γ
−1
ta
(
γtae
2paγ−1ta
)− t
2
= γhaf(a)γ
−1
ta γtae
−tpaγ−1ta
= γhaf(a)e
−tpaγ−1ta
= γhaφt(f(a))γ
−1
ta
= γ · φt(f(a)),
where we used f(a) = kae
pa ∈ G, ka ∈ K, pa ∈ p. Note also that,
strictly speaking, this shows that Φt is equivariant for the action of
GK at a single arrow a ∈ A, but since the action is factor-wise in
FG(Q) ∼= GNA , this calculation implies equivariance for each factor
simultaneously; thus Φt is GK-equivariant. 
Remark 4.14. In the appendix we determine the Kempf-Ness set that
realizes the isomorphism MG(Q) ∼= KN/GK(Q) ⊃MK(Q).
5. Super-Cyclic Quivers and Additive Quiver
Representations
In this section, we start by letting G be the general linear group
of a complex vector space W , and consider the canonical inclusion
G = GL(W ) ⊂ End(W ) ∼= W ⊗ W ∗. We note here that G is not a
subvariety of End(W ) although it is an algebraic group. Also, in this
section we again assume that all quivers are connected.
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5.1. General Additive Quiver Representations. As additional con-
sequences of the previous results, we will now relate the moduli space
of G-valued quiver representations to the usual moduli spaces of quiver
representations with a dimension vector which is constant, with all
entries equal to d = dimW . To avoid confusion, the latter will be
sometimes called additive quiver representations. For additive quiver
representations we mainly follow the exposition [Rei08].
Definition 5.1. Fix a quiver Q = (QV , QA). Recall that when d =
(dv|v ∈ QV ) is a constant dimension vector, so that dv = d for all
v ∈ QV , and W is a complex vector space of dimension d, R(Q) ≡
RW (Q) :=
⊕
QA
End(W ) is the space of quiver representations in W .
We say that such a (additive) quiver representation x = (xa|a ∈ QA) ∈
Rn(Q) is invertible if all its components xa are in Aut(W ) = GL(W ).
It is clear that we have a canonical inclusion
(5.1) ϕ : FG(Q)→ RW (Q)
obtained by mapping a G = GL(W )-quiver representation to the cor-
responding representation in W . The image of ϕ is clearly the set of
invertible quiver representations in W , denoted RinvW (Q), and it is an
open dense set in RW (Q). Note also that the dimension of the space of
equidimensional additive quiver representation (see [Rei08]) coincides
with the formula given in Corollary 3.6 when G = GL(W ).
Let GW (Q) = GL(W )
NV = GG(Q) andMinvW (Q) := RinvW (Q)/GW (Q)
denote the moduli space of invertible quiver representations.
Corollary 5.2. Let Q be a quiver and W be a vector space. The moduli
space of invertible quiver representationsMinvW (Q) is isomorphic, as an
affine algebraic variety, to the character variety Hom(Fr,GL(n,C))/GL(n,C),
where r = b1(Q).
Proof. This is just a special case of Theorem 3.4 for G = GL(n,C). 
The natural action (2.1) of GG(Q) on FG(Q) that we have been
considering, corresponds naturally to the usual action of GW (Q) on
RW (Q). However, it is not generally true that a closed orbit in FG(Q)
will be closed in RW (Q) (under the embedding ϕ above), as simple
examples show. We now examine this phenomena as it is necessary to
compare the algebro-geometric quotients
MG(Q) = FG(Q)/GG(Q) and MW (Q) = RW (Q)/GW (Q).
By a general theorem on representations of algebras [Art69], we know
that a given element x ∈ RW (Q) has a closed orbit if and only if it is
semisimple, that is, it is a direct sum of simple representations of Q
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(those without proper subrepresentations). Therefore the affine quo-
tient MW (Q) = RW (Q)/GW (Q) parametrizes equivalence classes of
semisimple quiver representations in W . Denote the set of semisimple
representations by RssW , and let F ssG = FG(Q) ∩RssW .
Let G = GL(W ). We can picture what we have been discussing,
using a diagram that relates GL(W )-quiver representations and usual
quiver representations (compare to the diagram in [Rei08]):
F ssG → RssW
↓ ↓
FG ↪→ RW
↓ ↓
MG → MW
We will now study some of the maps involved in the above diagram.
Definition 5.3. We say that a vertex v ∈ QV is a sink if all arrows
containing v point towards v, or equivalently, there are no arrows com-
ing out from v. Similarly, we say that v ∈ QV is a source if all arrows
containing v point away from v. A source or a sink will be called an
end of Q. An oriented cycle in a quiver is a path of arrows which
beings and ends at the same vertex, by always following the directions
provided by the arrows.
One can characterize quivers with no ends as those having a path
joining any two points by always following the arrows. In other words,
a quiver with no ends is “oriented-path-connected”. Also, note that
quivers without oriented cycles always have ends. On the other hand,
a quiver without any oriented cycles is called acyclic, and so a quiver
with no ends might otherwise be called super-cyclic.
A nice property of a representation of a super-cyclic quiver is that
closed orbits are preserved under the embedding ϕ : FG(Q)→ RW (Q).
Theorem 5.4. Let Q be a super-cyclic quiver, W be a complex vector
space, and G = GL(W ). Then, if the GG(Q)-orbit of f ∈ FG(Q) is
closed then the image of f under ϕ : FG(Q) → RW (Q) has a closed
GW -orbit.
Proof. To get a contradiction, suppose that x = ϕ(f) is not closed
in RW (Q), but f is closed in FG(Q). Then, there exists a morphism
λ : C∗ → GW such that limt→0 λ(t) · x exists in RW (Q) \RinvW (Q). This
means that for all arrows a ∈ QA, limt→0 λha(t) x(a) λta(t)−1 = M(a)
exists in End(W ), where λv : C∗ → G is the component of λ associated
to v ∈ QV (post-compose λ with projection onto the vth component).
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By composing with the determinant map, for any vertex, we define
the homomorphism µv = det ◦λv : C∗ → C∗. Then, there are weights
α(v) ∈ Z such that µv(t) := detλv(t) = tα(v) for t ∈ C∗.
The determinant is a continuous morphism, so with c = detx(a) 6= 0,
(5.2) detM(a) = det x(a) · lim
t→0
(
µha(t) · µta(t)−1
)
= c · lim
t→0
tα(ha)−α(ta)
Then, we obtain an inequality for weights α(ha) ≥ α(ta). Now, since
Q has no ends, the arrow a = a0 ∈ QA is in a cycle formed by the
sequence (a = a0, a1..., an) such that ha = ta1 , ha1 = ta2 , · · · , han = ta.
So, the repetition of the argument above for the other arrows in the
same cycle will imply that α(hai) ≥ α(tai) for all i = 1, ..., n. So we
conclude:
α(ha) ≥ α(ta) = α(han) ≥ α(tan) = α(tan−1) ≥ · · · ≥ α(ta1) = α(ha)
So the only solution is to have all weights equal in that cycle. Since the
quiver is connected, we conclude that α(v) is constant for all v ∈ QV .
On the other hand, we are assuming that limt→0 λ(t) · x ∈ RW (Q) \
RinvW (Q). This means that, for at least one arrow, say b ∈ QA, the corre-
sponding limit limt→0 λhb(t) x(b) λtb(t)
−1 = M(b) belongs to End(W ) \
GL(W ), so that detM(b) = 0. But this forces α(hb) > α(tb) in equation
(5.2) which contradicts the equality of all the weights, asserted before,
and which was a consequence of our hypothesis. 
Recall our notation for character varieties: Xr(GL(n,C)) := Hom(Fr,GL(n,C))/GL(n,C).
Corollary 5.5 (Density Theorem). Let Q be a super-cyclic quiver such
that r = b1(Q), and suppose W is a complex vector space of dimension
n. Then Xr(GL(n,C)) ∼=MGL(n,C)(Q) embeds into MW (Q) as a dense
subset.
Proof. Apply the above theorem and the Equivalence Theorem to get
an embedding. The density is clear. 
The following proposition is a converse to this result.
Proposition 5.6. Let Q be a quiver and v ∈ QV be a sink or a source.
Let a1, ..., ak denote the collection of all arrows connecting to v. Assume
that x ∈ RW (Q) is such that x(aj) 6= 0 for some 1 ≤ j ≤ k. Then, the
orbit of x inside RW (Q) is not closed.
Proof. Let v be a sink. Then, by definition haj = v, for all j = 1, ..., k.
The action of g ∈ GW on x ∈ RW (Q) takes the values
(g · x)(aj) = gvx(aj)g−1taj , j = 1, ..., k.
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If we take gv of the form gv = tIW ∈ GL(W ), for some t ∈ C∗ and IW
is the identity on W , then we obtain
lim
t→0
(g · x)(aj) = 0, j = 1, ..., k.
Recall that the extended orbit of x is the union of all orbits GW · x′
such that GW · x ∩GW · x′ 6= ∅.
Observe that for any dimW × dimW matrix x, and g, h ∈ GL(W ) if
gxh−1 = 0W , then x = g−10Wh = 0W . The corollary of this observation
is that any representation of a quiver with a non-zero marking on the jth
arrow cannot be in the (non-extended) GW -orbit of any representation
having a marking of the zero matrix on the jth arrow.
Writing x ∈ RW (Q) as (x(a1), ..., x(ak), x(ak+1), ..., x(aNA)) ∈ GNA
we see that the additive representation y = (0, ..., 0, x(ak+1), ..., x(aNA)) ∈
RW (Q) is not in the orbit of x but it is in its closure. Note that gv = tIW
only acts on x(a1), ..., x(ak) and not on other arrows.
The same argument works for a source by considering the limit as
t→∞.
Repeating this procedure for every sink and for every source, we end
up with an additive representation of the form z = (0, ..., 0, x(am), ..., x(aNA))
where the only non-zero entries correspond to arrows which do not con-
nect to any sink or source. All these arrows belong to oriented cycles.
Because of this GW · z is indeed a closed orbit by Theorem 5.4. We
have showed that z ∈ GW · x. Since there is only one closed orbit in
every extended orbit and GW · x 6= GW · z, we conclude that the orbit
GW · x is not closed in RW (Q), as wanted.

In contrast to this situation, closed orbits are not preserved under ϕ
in quivers with ends, as we now show.
Theorem 5.7. Let Q be a quiver and G = GL(W ), and consider the
inclusion ϕ : FG(Q) → RW (Q) defined in (5.1). If Q has at least one
end, then no orbit in ϕ(FG(Q)) = RinvW (Q) is closed. In other words,
for quivers with ends, every orbit of the form ϕ(f) for f ∈ FG(Q) is
not closed.
Proof. If Q has one sink or source, f ∈ FG(Q), and x = ϕ(f) ∈ RW
then it is clear that x(a) 6= 0, for all arrows, since x(a) ∈ GL(W ). The
result then follows from Proposition 5.6. 
Corollary 5.8. In a quiver with ends, the semisimple additive repre-
sentations do not form a dense set.
Proof. Let Q have at least one end. Suppose that RssW was dense in
RW . Since RinvW ⊂ RW is open and dense, the space RssW ∩RinvW would
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be non-empty. But we saw that any ϕ(f) ∈ RinvW does not have a closed
orbit. So it is not semisimple. 
5.2. Unimodular Additive Quiver Representations. There is an-
other important situation when G-valued orbits will give rise to closed
orbits inside a variation of additive quiver representations.
Definition 5.9. Let Q be a quiver and W a complex vector space.
We say that x ∈ RW (Q) is a unimodular (or special) quiver represen-
tation if x(a) ∈ SL(W ) = {X ∈ GL(W ) : detX = 1} for every arrow
a ∈ QA. Note that this restriction is well defined since the determi-
nant is independent of the choice of basis for W . Unimodular quiver
representations of Q will be denoted by R1W (Q).
We now consider G-valued quiver representations with G = SL(W ).
Naturally, we have the same inclusion
ϕ : FG(Q)→ RW (Q)
still denoted by the same letter. On both spaces of representations we
now have the action of the group SW = SL(W )
NV , acting in the same
way. The image under ϕ will be exactly R1W (Q) ⊂ RinvW (Q) ⊂ RW (Q).
Proposition 5.10. Let G = SL(W ) and Q be any quiver. Then f ∈
FG has a closed orbit if and only if x = ϕ(f) has a closed orbit in
RW (Q).
Proof. If f has a closed orbit Of then, since ϕ is an embedding of
FG(Q) as a subvariety, the orbit Ox of x = ϕ(f) is closed in RW (Q).
Conversely, if x = ϕ(f) has a closed orbit in RW , then the orbit is also
closed in the closed subset R1W , so f has a closed orbit in FSL(W ). 
In particular, this shows that, for G = SL(W ), we have
MG := FG/SW ∼= R1W/SW =M1W .
Theorem 5.11. Let Q be a super-cyclic quiver. Then, the moduli space
M1W := R1W/SW is naturally a subvariety of MW = RW/GW .
Proof. Let x, x′ ∈ R1W be two unimodular quiver representations. Then,
we claim that x and x′ are in the same SW orbit if and only if they are
in the same GW orbit. Clearly, the SW -orbit sits inside the GW -orbit.
Now suppose (x1, x2, ..., xn) ∈ SL(W )n are the values of x ∈ R1W on the
arrows of an oriented cycle of Q of length n, and that (x′1, x
′
2, ..., x
′
n)
are the corresponding values of x′ ∈ R1W . Assuming x and x′ are in
the same GW -orbit there are matrices g1, g2, ... ∈ GL(W ) such that
(x′1, x
′
2, ..., x
′
n) = (g1x1g
−1
2 , g2x2g
−1
3 , ..., gn−1xng
−1
n ),
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Now, since xj, x
′
j have determinant one, we conclude that det g1 =
det g2 = ... = det gn. Also, since Q has no ends, any arrow is in
one of these oriented cycles. For an oriented cycle C let A(C) be the
collection of arrows in C. Since the quiver is connected and has has no
ends, there is a collection of cycles C1, ..., Ck so that ∪ki=1A(Ci) = QA
and Ci ∩ Ci+1 6= ∅. Thus, we can just rescale all the terms of g ∈ GW
by the same scalar in order to obtain an element g′ ∈ SW such that
g′ · x = x′ as wanted.
This shows that we have a well defined inclusion of orbit spaces,
M1W = R1W/SW ∼= R1W/GW ⊂ RW/GW =MW ,
as wanted. 
Corollary 5.12. Let Q be a super-cyclic quiver, d = dimW and
b1(Q) = r. Then, the SL(d,C)-character variety of a free group of rank
r is naturally a subvariety of the usual moduli of quiver representations
with fixed dimension vector d.
Proof. Let Xr(G) := Hom(Fr, G)/G be the G-character variety of the
free group of rank r, denoted Fr, with G = SL(W ) = SL(d,C). Then
Theorem 3.4 and the preceding proposition imply that we have a com-
mutative diagram,
FG ∼= R1W ⊂ RW
↓ ↓ ↓
Xr(G) ∼= MG ∼= M1W ⊂ MW .

Theorem 5.13 (Embedding Theorem). Let G be a complex reductive
Lie group, and Γ be a finitely presented group with r generators. Then
there exists a number d ≥ 0 so that XΓ(G) embeds as a subvariety in
MW (Q) for any quiver Q with no ends, b1(Q) = r, and W a complex
vector space of dimension d.
Proof. Since G is algebraic it admits a faithful linear representation and
hence admits a faithful unimodular representation into SL(W ). Since
we can always find an epimorphism Fr → Γ for some free group Fr, we
conclude XΓ(G) ⊂ Xr(G).
The result follows then from the previous corollary:
XΓ(G) ⊂ Xr(G) ⊂ Xr(SL(W )) ∼=MSL(W )(Q) ∼=M1W (Q) ⊂MW (Q).

5.3. Relationship with Toric Geometry. In this appendix we re-
late some of our discussion to toric geometry. We use [CLS11] as a
reference.
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5.3.1. G-representations of quivers for Abelian G. Let Q = (QV , QA)
be a quiver and G a Lie group. We have been studying the action
of the gauge group GG(Q) := Fun(QV , G) ∼= G#QV on the group of
G-valued representations of Q, FG(Q) = Fun(QA, G) ∼= G#QA . In
order to try to generalize this type of action, suppose now we are given
maps µ, ν : QA → N0 (weight maps) which associate integer weights
µa, νa ∈ N0 for each arrow a ∈ QA and consider the map
ψ : GG(Q)×FG(Q) → FG(Q)
(g, f) 7→ ψ(g, f)(a) := g(ha)µaf(a)g(ta)−νa .
The following is straightforward.
Lemma 5.14. Suppose at least one of the integers µa, νa is not 0 or
1. Then, the map ψ defines a (left) action of GG(Q) on FG(Q) if and
only if G is Abelian.
Proof. This follows from simple computations. By definition, for each
arrow a ∈ QA,
ψ(g, ψ(g˜, f))(a) = g(ha)
µa g˜(ha)
µaf(a)g˜(ta)
−νag(ta)−νa ,
but on the other hand:
ψ(gg˜, f)(a) = (g(ha)g˜(ha))
µa f(a) (g(ta)g˜(ta))
−νa .
So, the (left) action property requires that g(ha)g˜(ha) = g˜(ha)g(ha) for
any arrow a with µa /∈ {0, 1}. 
According to the lemma, to work with this more general map, we
have to consider Abelian groups G. In the context of affine reductive
groups, the most general such group G of dimension n is the product
of an algebraic torus (C∗)n with a finite Abelian group.
For fixed choices of quiver Q, weight maps µ, ν, and Abelian reduc-
tive groupG, we will refer to the corresponding orbit space FG(Q)/ µ,νGG(Q)
as the moduli space of weighted G-quiver representations.
5.3.2. The case when G = C∗. To address the relationship with toric
geometry, we suppose from now on that G = C∗.
Every toric variety X can be constructed as an affine GIT quotient
of the form
(5.3) X = (Cn − Z)/H
where Z is the so-called exceptional set, and H is an Abelian reductive
group (see [CLS11], page 210, Theorem 5.1.11).
By the above cited theorem, we have that H ∼= (C∗)k for some k ≤ n
in the realization (5.3).
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Let Y ⊂ Cn be the union of all coordinate hyperplanes. From the
very definition of the exceptional set, it is clear that Z ⊂ Y ⊂ Cn.
Then, we can let X◦ := (Cn − Y )/H ⊂ X and call this the big open
cell of the toric variety X.
Proposition 5.15. For any super-cyclic quiver Q, and any weight
maps µ, ν : QA → N0 there exists an affine toric variety X such that
FC∗(Q)/GC∗(Q) is naturally isomorphic with the big open cell of X.
Proof. Apply the Density Theorem with GL(1,C) = C∗ to the context
of weighted quiver actions. 
Appendix A. Kempf-Ness Set and Strong Deformation
Retraction
The following argument is virtually identical to the argument we
gave in [FL09]. The ideas directly generalize to the context of G-valued
quiver representations.
Let VQ = Fun(QA, gl(n,C)) = gl(n,C)NA = CNAn2 . Then FG(Q) =
GNA ⊂ VQ and the action of both GK ⊂ GG naturally extends to VQ.
For any x, y ∈ gl(n,C) define 〈x, y〉 = tr(xy∗) where y∗ is the conju-
gate transpose of y. We will denote transpose by a dagger and complex
conjugation by a bar, so y∗ = y†. This form is thus Hermitian. The
form is also K-conjugate invariant since K is closed under inversion
and this is equivalent to taking transposes in an orthogonal represen-
tation, and complex conjugation is trivial in a real representation. We
also note that conjugate transpose is defined on G since G is the com-
plex zeros of real polynomials defining K which implies it is conjugate
invariant; since it embeds in a complex orthogonal group it is transpose
invariant.
Define on VQ the Hermitian inner product
〈f1, f2〉 =
∑
a∈QA
〈f1(a), f2(a)〉 .
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We now show that this form is GK invariant:
〈k · f1, k · f2〉 =
∑
a∈QA
tr(k(ha)f1(a)k(ta)
−1(k(ha)f2(a)k(ta)−1)∗)
=
∑
a∈QA
tr(k(ha)f1(a)k(ta)
−1(k(ta)†)†f2(a)∗k(ha)†)
=
∑
a∈QA
tr(k(ha)f1(a)k(ta)
−1k(ta)f2(a)∗k(ha)−1)
=
∑
a∈QA
tr(k(ha)f1(a)f2(a)
∗k(ha)−1)
=
∑
a∈QA
tr(f1(a)f2(a)
∗) =
∑
a∈QA
〈f1(a), f2(a)〉 = 〈f1, f2〉 .
Note that Lie(GK) = kNV , and recall that the Kempf-Ness set is:
KNQ = {f ∈ VQ | 〈u · f, f〉 = 0 for all u ∈ kNV } ∩ FG(Q).
To make sense of this we need to determine how Lie(GK) ⊂ End(VQ)
acts. Since the action is differential, it suffices to consider the action
in one f(a) for f ∈ FG. Fix u ∈ Lie(GK). Let kt(v) = e−tu(v) be a
path starting at the identity in the direction −u(v) ∈ k. Then the
infinitesimal quiver action on the component corresponding to a ∈ QA
is given by:
d
dt
∣∣∣∣
t=0
(kt(ha)f(a)kt(ta)
−1) = f(a)u(ta)− u(ha)f(a).
Thus, the Kempf-Ness set consists of the quiver representations that
satisfy:
0 = 〈u · f, f〉 =
∑
a∈A
tr(f(a)u(ta)f(a)
∗ − u(ha)f(a)f(a)∗),
for all u ∈ Lie(GK).
Our next task is to show that whenever f ∈ FK(Q), that this equa-
tion is in fact satisfied. Precisely,
Proposition A.1. FK(Q) ⊂ KNQ.
Proof. Indeed, when f(a) ∈ K we have f(a)∗ = f(a)† = f(a)−1 since
K ⊂ O(n,R) and likewise u(v)† = −u(v) since k ⊂ o(n,R). Note that
this implies that tr(u(v)) = 0 for all vertices v ∈ QV .
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Thus
〈u · f, f〉 =
∑
a∈QA
tr(f(a)u(ta)f(a)
∗ − u(ha)f(a)f(a)∗)
=
∑
a∈QA
tr(f(a)u(ta)f(a)
−1)− tr(u(ha)f(a)f(a)−1)
=
∑
a∈QA
tr(u(ta))− tr(u(ha))
= 0,
since u is a tuple of traceless matrices. 
The inclusions FK(Q) ⊂ KNQ ⊂ FG(Q) from Proposition A.1 in-
duce a continuous injection σ : FG(Q)/GG ∼= KNQ/GK → FG(Q)/GK .
Alternative Proof of Theorem 4.13. It is elementary to establish that
the following diagram is commutative:
FG(Q)/GK
piG/K

Φt // FG(Q)/GK
piG/K

MK(Q)
T4
id
ff
* 

id
88
jJ
ιxx
 t
ι &&
MG(Q)
σ
;;
MG(Q)
Define Φσt = piG/K ◦ Φt ◦ σ. Then since all composite maps are
continuous, so is Φσt . We now verify the other properties of a strong
deformation retraction. Firstly, Φσ0 is the identity since Φ0 = id and
piG/K ◦ σ = id.
Next, we show Φσ1 is into ι(MK(Q)). Since Φ1(FG(Q)/GK) ⊂MK(Q),
it follows I := Φ1 (σ(MG(Q))) ⊂ MK(Q). Moreover, piG/K = ι on
MK(Q), so Φσ1 (MG(Q)) = piG/K(I) = ι(I) ⊂ ι(MK(Q)).
Lastly, we show that for all t, Φσt is the identity on ι(MK(Q)). In-
deed, commutativity of the above diagram implies that (σ ◦ ι) = id on
MK(Q) ⊂ FG(Q)/GK . Also, for all t, Φt is the identity on MK(Q).
Lastly, using the fact that piG/K = ι onMK(Q), we have for any point
[f ] ∈MK(Q),
ι([f ]) 7→ σ(ι([f ])) = [f ] 7→ Φt([f ]) = [f ] 7→ piG/K([f ]) = ι([f ]),
as was to be shown. 
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